Abstract. The first sideband Raman excitations driven by counter-propagating Raman beams are analysed for the trapped ion under the localization condition in or beyond the Lamb-Dicke regime. It is demonstrated that multiquantum processes in the vibrational couplings produce significant effects on the the first sideband Raman transitions and the relevant Raman displacements for the trapped ion beyond the Lamb-Dicke regime. The quantum features of the vibrational states attained by displacing the motional ground state are demonstrated to be closely associated with the nonlinear vibronic couplings. Quantum entanglement, and quantum interference as well, are discussed for ion traps with various Raman excitation and localization conditions. The results are compared with the recent experiment reported by Monroe C et al in 1996 Science 272 1131-5.
It is well known that quantum entanglement is of fundamental importance in the studies of quantum measurement [1] and quantum decoherence [2] . Recently, entangled states between internal (electronic) and external (motional) states of a single trapped 9 Be + ion were created by using appropriate sequential pulses [3] . The ion was prepared in the state
where | ↓ and | ↑ refer to the two internal hyperfine states 2 S 1/2 (F = 2, m F = −2) and 2 S 1/2 (F = 1, m F = −1) of the ion, respectively. |x 1 and |x 2 are motional states displaced from the motional ground state by the first-sideband Raman transitions between vibrational levels (Raman motional displacement). In the Lamb-Dicke (LD) regime, the Raman motional displacement can approximately drive the motional ground state to a coherent vibrational state. By the use of appropriate Raman motional displacements, it is possible to prepare a mesoscopic superposition of distinct motional wave packets localized at distinguishable positions, which corresponds to a 'Schrödinger cat' state [4] at a single atom level. On the other hand, if the trapped ion is localized beyond the LD regime, the vibronic couplings behave nonlinearly due to multiquantum vibrational excitations [5] . The corresponding Raman displacements of the motional ground state usually produce wavepackets with wide spatial spreads. The two motional states |x 1 and |x 2 may become spatially indistinguishable [6] . We note that, although the experiment in [3] was performed in an ion-trap [7] slightly beyond the LD regime, the experimental results were simply analysed by the use of the LD approximation [8] . Obviously, an accurate numeric analysis for the experiment requires to take into account the effects of nonlinear vibronic couplings [5] on the Raman motional displacements. This paper will be mainly focused on this point. We will also discuss the quantum features of the displaced vibrational states, and the possibilities to observe quantum interference [6, 9] in ion traps under various localization conditions. We initiate our discussions by considering the interaction of a trapped ion with two off-resonant counter-propagating travelling-wave laser beams of frequencies ω L1 and ω L2 , respectively. The two laser beams are assumed to propagate along one of the principal axes of the trap potential, say for example the x-axis, with frequencies tuned to the first-sideband Raman resonance ω L1 − ω L2 = ν, where ν denotes the associated trap frequency along the x-axis. The Raman interaction can be modelled by an effective Hamiltonian in the vibrational rotating-wave approximation [10] 
where f (a, a
, R is the real effective two-photon Raman coupling constant, η is the LD parameter, given by η = | k L |( x) gr , with ( x) gr being the spatial spread of the vibrational ground state; φ and k L are the phase and wavenumber differences between the two applied laser beams, respectively, and a = [Mν/(2h)] (1/2) [x + ip/(Mν)] is the usual annihilation operator for the harmonic oscillator (x and p are position and momentum operators, respectively, and M is the ionic mass). Note that we have worked in the weak Raman excitation region (|R| ν) and in the interaction frame rotating at the trap frequency ν.
We assume that the trapped ion is initially prepared in its vibrational ground state via laser cooling techniques [11, 12] . The Raman excitation drives the trapped ion to a motional state
where ϑ(t) = Rt is the Raman pulse area and t represents the Raman interaction duration. |ψ(t) φ can be numerically calculated by solving the Schrödinger equation
The motional wavepackets |x 1 and |x 2 in equation (1) correspond to |ψ(t) φ with different values of φ, respectively. In the LD limit, only terms to the first-order of η in equation (3) play a dominant role, and higher-order terms can be neglected in the spirit of the standard LD approximation [8] . Therefore, |ψ(t) φ approximates coherent states | − ηϑ(t)e −iφ , where a coherent state |α is defined as usual by a|α = α|α . However, the Raman displacement will be nonlinearly modified when the LD parameter is relatively large. Figure 1 gives the spatial probability distributions of the wavepackets |ψ(t) φ=0 under various localization conditions (η = 0.1-0.5), and with the Raman interaction areas ϑ(t) = 15.0 [3] . For small LD parameters, the wavepacket |ψ(t) φ is approximately of Gaussian shape, and the corresponding wavepacket state approximates a coherent one. Note that η = 0.2 and ϑ(t) = 15.0 corresponds to the experimental situation in [3] . For large LD parameters, the wavepackets become spatially spread. Each wavepacket may even consist of many separate subpackets.
In the basis of vibrational Fock states, |ψ(t) φ can be expanded as a coherent superposition |ψ(t) φ = n=0 c n (t)|n with c n (t) = n|ψ(t) . The coefficients c n (t) depends on the details of the Raman interaction. The occupation probability in the vibrational state |n is given by p(n) = |c n (t)| 2 . Figure 2 gives an example of the occupation distribution of the displaced motional states |ψ(t) φ=0 with Raman pulse ϑ(t) = 15.0, where the LD parameters are selected as η = 0.1, 0.2, 0.3, 0.4, and 0.5, respectively. Note that p(n) = exp(−|α| 2 )|α| 2n /n! for a coherent motional state |α . It is clear that, for the case of a large LD parameter, the occupation distribution of |ψ(t) φ=0 deviates from that of any coherent motional state.
A different superposition state may exhibit different quantum features. It is thus interesting to check the quantum features of the displaced motion states |ψ(t) φ under various localization and Raman excitation conditions. The quantum statistics can be characterized by Q = ( n 2 − n 2 )/ n − 1, which satisfies Q = 0 for the Poissonian distribution, Q > 0 for the super-Poissonian distribution, and Q < 0 for the sub-Poissonian distribution [13, 14] , wheren = a † a. In figure 3 (a), Q is plotted as a function of Raman excitation area ϑ(t), which clearly shows that the attained vibrational wavepacket may be of sub-or super-Poissonian statistics dependent on the details of the Raman excitation. It is interesting to note that Q is negative (Q ≈ −0.27) for the displaced motional state with η ≈ 0.2 and ϑ(t) ≈ 15.0 [3] . The quantum fluctuations of the dimensionless momentump = i(a † − a)/2 and positioñ . Particularly, the displaced motional state with η ≈ 0.2 and ϑ(t) ≈ 15.0 is position-squeezed. This can also be seen from figure 1 , which indicates such a wavepacket state actually has a narrower shape than that of a coherent one [13] [14] [15] [16] [17] . Following the procedures in [3] , one may attain two different motional states |ψ(t) φ and |ψ(t) φ , with each of them being entangled with the internal spin states | ↑ and | ↓ , respectively. The two different motional states |ψ(t) φ and |ψ(t) φ can then be combined by the use of an appropriate Raman π/2-pulse pumping between | ↑ and | ↓ to yield | (t) = | ↓ |S − − i| ↑ |S + with |S ± ≡ (|ψ(t) φ ± |ψ(t) φ )/2. Such states are generally not 'Schrödinger cat' states [3, 4, 18] as in Schrödinger's original thought experiment [4] , since |ψ(t) φ and |ψ(t) φ are no longer coherent states of motion for a trapped ion localized beyond the LD regime. For small LD parameters, it is still possible for |ψ(t) φ and |ψ(t) φ to be spatially confined at separate positions. On the other hand, for large LD parameters, both |ψ(t) φ and |ψ(t) φ may be spatially spread so widely that spatial overlapping may occur for some portions of the wavepackets [6] .
Some interesting questions are worth addressing with regards to the motional superposition. One is whether the mesoscopic superposition gives rise to observable quantum interferences, even when |ψ(t) φ and |ψ(t) φ are not coherent states of motion, for example, even when the wavepackets are spatially wide-spread or squeezed ones. Another question is whether the spatial overlapping of some portions (particularly some subpackets) of the wide-spread wavepackets can also cause the occurrence of quantum interferences.
In figure 4 , we plot the spatial probability distribution of the superposition state (|ψ(t) φ=0 + |ψ(t) φ=π )/2 and its free time evolution after the preparation. As a typical case for relatively small LD parameters, we consider the case of η = 0.2 and ϑ(t) = 15.0 [3] in figure 4(a) . It is clear that the two symmetric vibrational wavepackets |ψ(t) φ=0 and |ψ(t) φ=π are initially localized at separate positions. Each of them undergoes the same motion but with a phase difference of π . The two packets pass through each other at the centre-point of the harmonic trap. When the two motional wavepackets come close together, quantum interferences occur instead of a simple spatial overlapping. The quantum interferences induce interference fringes in the spatial probability distribution. As in the standard interferometer [19] or atomic interferometer [6, 9, 20] , the interference fringes are determined by the phase difference between the de Broglie waves associated with the two separate wavepackets. Figure 4(b) gives an example for the cases of large LD parameters, where η = 0.4 and ϑ(t) = 15.0 are chosen. One can see that the wide-spread wavepackets can still interfere between each other, and the spatial overlapping of some subpackets can also result in interference fringes in the spatial distribution. It should be pointed out that there may be no distinct stages to separate splitting and interfering periods of the wavepackets, when the Raman displacements become so complicated (for example, for very large LD parameters or long Raman interaction duration) that the displaced wavepackets |ψ(t) φ=0 and |ψ(t) φ=π initially interfere and become spatially indistinguishable [6] .
As has been already demonstrated in [3] , the quantum interferences can be directly measured by detecting the probability P (φ, φ ) ≡ S − |S − . Figure 5 gives the calculated signal P (ϕ) ≡ P (φ = −ϕ/2, φ = ϕ/2), with η = 0.2, and ηϑ(t) = 0.8(a), 1.2(b), 2.0(c), 3.0(d), and 6.0(e), respectively. According to figure 3, one may see that both |ψ(t) φ=0 and |ψ(t) φ=π for the parameters selected here are of sub-Poissonian statistics and position-squeezing properties. However, the interference signals in figure 5 are similar to the experimental data and simple theoretical fits in [3] . This implies that theoretical calculations to the first-order of the LD perturbation may give a quite good prediction for the interference signals, if the LD parameter and Raman excitation area are not too large. At first sight, it may seem strange that, though the quantum features of the displaced motional states |ψ(t) φ=0 deviate significantly from those of the coherent state, the interference signals differ less observably from those based on the first-order LD perturbation. Note that the quantum features of the displaced motional states |ψ(t) φ=ϕ/2 or |ψ(t) φ=−ϕ/2 depends strongly on ϕ/2, and that the squeezing properties and quantum statistics are related with the quantum fluctuation operators ofx orp and Q-value, respectively, while interference signals are related with the coherence between |ψ(t) φ=ϕ/2 and |ψ(t) φ=−ϕ/2 . One may readily draw a conclusion that the quantum features of |ψ(t) φ=0 have little to do with the coherence between |ψ(t) φ=ϕ/2 and |ψ(t) φ=−ϕ/2 .
In summary, the Raman motional displacement of a trapped ion driven by nonlinear vibronic couplings is studied. Quantum interferences are demonstrated to occur between different nonlinearly displaced motional states, though such motional states may be of sub-Poissonian or super-Poissonian statistics, or of position-squeezing properties or widespread spatial distribution. The results here provide an accurate numeric calculation for the experiment in [3] . Further experiments in ion traps with various localization conditions to create quantum entanglement with Raman displacements should be interesting with regards to their perspective possibilities to study quantum decoherence [2, 21] , in particular to study deliberate decoherences by coupling the motional superposition to an 'engineered' reservoir [22] . The results may also be useful for studying the quantum interferences of superposition states of the collective motion of many trapped atoms [23, 24] , and especially trapped ions in an ionic crystal [25, 26] .
